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,Q WKLV SDSHU ZH SUHVHQW D QRYHO DSSURDFK IRU DXWRPDWLFDOO\
WUDFNLQJWKHUHDGLQJSURJUHVVXVLQJDFRPELQDWLRQRIH\HJD]H
WUDFNLQJ DQG VSHHFK UHFRJQLWLRQ 7KH WZR DUH IXVHG E\ ILUVW
JHQHUDWLQJ ZRUG SUREDELOLWLHV EDVHG RQ H\HJD]H LQIRUPDWLRQ
DQG WKHQ XVLQJ WKHVH SUREDELOLWLHV WR DXJPHQW WKH ODQJXDJH
PRGHO SUREDELOLWLHV GXULQJ VSHHFK UHFRJQLWLRQ ([SHULPHQWDO
UHVXOWVRQDVPDOOGDWDVHWVKRZWKDW WKH WUDFNLQJHUURUUDWHRI
WKHV\VWHPXVLQJRQO\VSHHFKUHFRJQLWLRQLVZKHUHDVWKH
WUDFNLQJ HUURU UDWH IRU WKH V\VWHP WKDW LQFRUSRUDWHV H\HJD]H
WUDFNLQJ LQWR WKH VSHHFK UHFRJQL]HU LV  ± D UHODWLYH
LPSURYHPHQWRI
,QGH[ 7HUPV DXWRPDWLF UHDGLQJ WXWRU H\HJD]H WUDFNLQJ
VSHHFKUHFRJQLWLRQ
 ,QWURGXFWLRQ
7KH WDVNV RI DXWRPDWLF UHDGLQJ WXWRUV $57 DUH PDQ\ ,W
PLJKWSURYLGH OLYH IHHGEDFNWR WKHUHDGHU LIKHRUVKHSDXVHV
GXULQJDUHDGLQJVHVVLRQZKLFKFRXOGLQGLFDWHWKDWWKHUHDGHU
KDV WURXEOH UHDGLQJ D ZRUG ,WPLJKW DOVR SURYLGH FRUUHFWLYH
IHHGEDFNLIWKHUHDGHUPLVUHDGVDZRUG7KHIHHGEDFNSURYLGHG
FRXOGEHLQWKHIRUPRIDSLFWXUHLISRVVLEOHUHDGLQJWKHZRUG
LQTXHVWLRQRXW ORXGRUDQXPEHURIRWKHUZD\V >@ ,W FRXOG
DOVR EH D SODWIRUP IRU UHDGLQJ DVVHVVPHQW >@ RU SURYLGH D
VSHHFKGULYHQLQWHUIDFHWRWKHUHDGHU>@
,Q RUGHU WR DXWRPDWLFDOO\ SURYLGH IHHGEDFN RU DVVHVV
UHDGLQJ SURILFLHQF\ WKH UHDGLQJ WXWRU QHHGV WR GHWHFW VRPH
OHYHORIUHDGLQJDFWLYLW\$WOHDVWWKUHHPRGDOLWLHVFDQEHXVHG
WR WKLVHQG H\HJD]H RUJD]H VSHHFKDQGPDQXDO IHHGEDFN




WXWRUV 0DQXDO UHTXHVWV IRU IHHGEDFN FDQ EH GRQH XVLQJ WKH
PRXVHKRZHYHUV\VWHPVWKDWSURYLGHWKLVDVWKHRQO\ZD\WR
JHW IHHGEDFN IDOO LQ WKH FDWHJRU\ RI LQWHUDFWLYH ERRNV UDWKHU
WKDQ$57
,Q WKLV SDSHU ZH IRFXV RQ WKH GRPDLQ RI DGXOW G\VOH[LF
UHDG VSHHFK 7UDFNLQJ WKH UHDGLQJ SURJUHVV RI SHRSOH ZLWK
G\VOH[LDLVFKDOOHQJLQJDVWKH\SURGXFHPRUHPLVFXHVPLVUHDG
ZRUGV DQG RWKHU GLVIOXHQFLHV >@ WKDQ SHRSOH ZLWKRXW WKLV
GHYHORSPHQWDOUHDGLQJGLVRUGHU
5HDGLQJ XVXDOO\ RFFXUV LQ D SURJUHVVLYH ZD\ +RZHYHU
VRPHWLPHVWKHUHDGHUUHWXUQVWRSUHYLRXVO\UHDGZRUGVLQRUGHU
WR UHYLVHRU UHPHPEHUZKDWZDV UHDG7KLV LV HVSHFLDOO\ WUXH
IRU SHRSOHZLWKG\VOH[LDZKR VWUXJJOHZLWK UHDGLQJ >@7KLV
PHDQV WKDW DQ$57VKRXOGEH DEOH WRGHWHUPLQHZKLFKZRUG
WKH UHDGHU LV VXSSRVHG WR UHDG QH[W LQ RUGHU WR SURYLGH




7R WKH DXWKRUV¶ NQRZOHGJH QR SULRU UHVHDUFK KDV EHHQ
GRQH ZLWK UHJDUGV WR IXVLQJ JD]H LQIRUPDWLRQ DQG VSHHFK
UHFRJQLWLRQIRUWUDFNLQJUHDGLQJ,Q >@1%HVWOLVWVJHQHUDWHG
IURPDVSHHFKUHFRJQL]HUDUHUHVFRUHGEDVHGRQJD]HSRLQWVIRU
D YLVXDOEDVHG JRDOGULYHQ WDVN ,Q WKH H[SHULPHQW WKH
SDUWLFLSDQW GHVFULEHV D JHRJUDSKLFDO PDS ZLWK ODQGPDUNV WR
DQRWKHUSHUVRQ7KH ODQGPDUNV DUHSODFHG UHODWLYHO\ IDU IURP

















DXWKRUV RI >@ OLVW WKH IROORZLQJ IL[DWLRQ JOLVVDGH VDFFDGH




GHILQH LW DV D JLYHQ SHULRG ZKHUH WKH JD]H SRLQWV JHQHUDWHG
IURPDQH\HJD]HWUDFNHUIDOOVZLWKLQDUHJLRQ$QRWKHUZD\LV
WRGHILQH LW DVJD]HSRLQWV WKDWDUHQRWFODVVLILHGDV VDFFDGHV
JOLVVDGHV RU QRLVH DV LQ >@ )RU WKLV SDSHUZH XVH WKH 7RELL











,GHDOO\ WKH IL[DWLRQV ZLOO PDS RQWR WKH OLQHV EHLQJ UHDG EXW
WUDFNLQJHUURUVDGGQRLVHWRWKHJD]HSRLQWV$FFRUGLQJWR>@
WKHUH DUH DW OHDVW WKUHH VRXUFHV RI HUURUV ZKHQ GHWHUPLQLQJ
ZKDWLVEHLQJIRFXVHGRQXVLQJDQH\HJD]HWUDFNHUWKHTXDOLW\
RI WKH VHWXS GULIW RI WKH FDOLEUDWLRQ DQG WKH ELRORJLFDO
FKDUDFWHULVWLFVRIWKHH\H7KHTXDOLW\RIWKHVHWXSGHSHQGVRQ
WKH H\HJD]H WUDFNHU XVHG DQG KRZ VXFFHVVIXO WKH VHVVLRQ
FDOLEUDWLRQ LV %XW HYHQ LI WKH FDOLEUDWLRQ LV VXFFHVVIXO WKH
DFFXUDF\ZLOOXVXDOO\GHJUDGHGXULQJDVHVVLRQGXHWRGULIWLQJ









PDWWHU RI ILQGLQJ WKHQHDUHVWZRUGJLYHQ DJD]HSRLQWGXH WR
WKH HUURUV GHVFULEHG LQ 6HFWLRQ  7KH DXWKRUV RI >@
LQWURGXFH WKHQRWLRQRI ³VWLFN\´ DQG ³PDJQHWLF´ OLQHVZKHUH
VWLFN\ OLQHVNHHSV WKH IRFXV WR WKHDVVXPHGFRUUHFW OLQHDQG
PDJQHWLFOLQHVVHWVWKHIRFXVWRWKHQH[WOLQHZKHQDJD]HSRLQW
MXPS IURP WKH HQG RI D OLQH WR WKH EHJLQQLQJ RI WKH QH[W LV
GHWHFWHG 6WLFN\ DQG PDJQHWLF OLQHV DOOHYLDWH VRPH RI WKH




7KH PDJQHWLF OLQHV PHWKRG GHVFULEHG DERYH ZDV XVHG DV
LQVSLUDWLRQ WR RXU H\HJD]H WUDFNLQJ DOJRULWKP +RZHYHU ZH
RQO\XVHWKHLQIRUPDWLRQRIZKLFKOLQHLVEHLQJIRFXVHGRQWR
HVWLPDWH WKHSHUOLQHRIIVHWHUURU LQ WKHYHUWLFDOGLUHFWLRQ:H







RQH IL[DWLRQ LVQHDU WKHHQGRID OLQHDQG WKH L¶WK IL[DWLRQ
FOXVWHU LV QHDU WKH EHJLQQLQJ RI WKH QH[W OLQH 7KH SURFHGXUH











2XU SUHYLRXV ZRUN >@ ZLWKLQ WKH DUHD RI WUDFNLQJ LQ $57V
LQYROYHG XVLQJ VSHHFK DV WKH RQO\ PRGDOLW\ IRU WUDFNLQJ ,Q
WKDWSDSHUZHVKRZHG WKDW D ODQJXDJHPRGHO WKDWPRGHOV WKH
H[SHFWHGUHDGLQJEHKDYLRURIFKLOGUHQ±DOORZLQJIRUMXPSLQJ
EDFNDQGIRUWKLQWKHWH[W±ZRUNVEHWWHUWKDQFKDQJLQJWKHWDVN
IURP WU\LQJ WR IROORZ WKHFKLOG WR IRUFLQJD VWULFW OHIWWRULJKW
UHDGLQJSROLF\
,QWKLVSDSHUZHDOVRXVHDODQJXDJHPRGHOWKDWDOORZVIRU
MXPSLQJ EDFN DQG IRUWK LQ WKH WH[W 7KLV PRGHO LV IXUWKHU
UHOD[HG WR D ZRUGORRS HVVHQWLDOO\ JLYLQJ ZRUG WUDQVLWLRQV
HTXDOSUREDELOLW\7KLVUHOD[DWLRQKDVEHHQFKRVHQLQRUGHUWR
DFFHQWXDWHWKHHIIHFWRILQFOXGLQJJD]HLQIRUPDWLRQLQWUDFNLQJ
(DFK ZRUG ZDV JLYHQ D XQLTXH ,' LQ RUGHU WR GLIIHUHQWLDWH
ZRUGVLQWKHVDPHWH[WVHJPHQWZLWKWKHVDPHVSHOOLQJ
 )XVLQJJD]HDQGVSHHFKIRUWUDFNLQJ
7KLV VHFWLRQGHVFULEHVKRZZHKDQGOH V\QFKURQL]DWLRQ LVVXHV




DUH V\QFKURQL]HG WKHUH ZLOO DOZD\V EH D QRQGHWHUPLQLVWLF
GHOD\ IURP WKH WLPH WKH UHDGHU IRFXVHGRQDZRUG WRZKHQ LW
ZDV XWWHUHG 7KLV GHOD\ LV DW OHDVW WKH WLPH LW WDNHV IRU WKH
UHDGHUWRVHHLQWHUSUHWDQGXWWHUWKHZRUG7KHDXWKRUVRI>@
UHSRUWWKLVGHOD\WREHW\SLFDOO\EHWZHHQDQGPVHF,Q
WKLV SDSHU ZH GRQ¶W H[SOLFLWO\ WU\ WR V\QFKURQL]H JD]H DQG
VSHHFK,QVWHDGZHGHOD\WKHJD]HSRLQWVE\PVHFEHFDXVH
ZHZDQW WR DYRLGRYHUVKRRWLQJ WKH UHIHUHQFHFKDQJLQJSRLQWV
GXH WR WKHZD\ZH FDOFXODWH WKHZRUG SUREDELOLWLHV IURP WKH
JD]HSRLQWV
 :RUGSUREDELOLW\IURPJD]HSRLQWV
6LPLODU WR >@ZHZDQW WRXSGDWH WKH ODQJXDJHPRGHO EDVHG
RQWKHJD]HLQIRUPDWLRQ,QVWHDGRIPDNLQJDKDUGGHFLVLRQRQ
ZKLFK ZRUG LV EHLQJ IRFXVHG RQ DV LQ 6HFWLRQ  EXOOHW
SRLQWLQWKHOLVWZHFKRRVHWRDVVLJQDSUREDELOLW\WRDOOWKH
WH[W ZRUGV DW D JLYHQ WLPH *LYHQ D IL[DWLRQ FOXVWHU WKH









SRLQWV EHORQJLQJ WR WKH IL[DWLRQ FOXVWHUȈ LV WKH FRYDULDQFH
PDWUL[ RI DOO IL[DWLRQ FOXVWHUV DQG LV HVWLPDWHG DV D UXQQLQJ
DYHUDJH RYHU DQ HQWLUH VHVVLRQ$Q LOOXVWUDWLRQ RI WKH QRUPDO
GLVWULEXWLRQ FDQ EH VHHQ LQ )LJXUH  6LQFH KRZHYHU WKH
VSHHFK ODJV EHKLQG WKH JD]H ZH HVWLPDWH WKH SUREDELOLW\ RI
ZRUGQDV

𝑃∗(𝑤 ) = 𝑓(𝒙 , 𝝁 ) + 𝑓(𝒙 , 𝐜 ) 

ZKHUH𝑃∗LVWKHXQQRUPDOL]HGZRUGSUREDELOLW\IRUZRUGQDW
WLPH W FDOFXODWHG IURP WKH JD]H LQIRUPDWLRQ DQG 𝐜  LV WKH
FHQWHUSRLQWRIZRUGQ𝐜 LVHVWLPDWHGDVWKHZRUGLQGH[









:LWK WKH ZRUG SUREDELOLWLHV FDOFXODWHG EDVHG RQ WKH JD]H
LQIRUPDWLRQ WKH RQO\ WKLQJ OHIW LV WR DSSO\ WKHP GXULQJ
UHFRJQLWLRQ7RWKDWHQGZHKDYHPRGLILHG6SKLQ[VOLJKWO\
VR WKDW ZKHQHYHU LW HQFRXQWHUV D ZRUG LQ WKH UHFRJQLWLRQ
ODWWLFH LW PXOWLSOLHV ZKLFK EHFRPHV DQ DGGLWLRQ LQ WKH ORJ









WKH GLVSOD\HG WH[W RXW ORXG 7KH H\HJD]H WUDFNHU ZDV
FDOLEUDWHG EHIRUH HDFK VHVVLRQ ZKLFK WRRN URXJKO\ KDOI D
PLQXWH
)LJXUH7KHH[SHULPHQWVHWXS
$IWHU WKH FDOLEUDWLRQ WKH SDUWLFLSDQWZDV JLYHQ FRQWURO RI
WKH PRXVH DQG EHJDQ WKH UHDGLQJ VHVVLRQ (DFK SDUWLFLSDQW
UHDGWKHVDPHVKRUWWH[WVHJPHQWVRIYDU\LQJGLIILFXOW\>@
7KHH[SHULPHQWHUZDVPRQLWRULQJDOLYHYLHZRIWKHH\HJD]H
WUDFNLQJGXULQJHDFKVHVVLRQDQGZRXOG WHOO WKHSDUWLFLSDQW WR
DGMXVWKLVRUKHUSRVLWLRQLIWKHKHDGKDGPRYHGWRRIDUDZD\




(DFK VHVVLRQ ZDV WLPHVHJPHQWHG LQWR ZRUGV DQG PLVFXHV
(DFK VSHHFK HYHQW ZDV DVVLJQHG D WDUJHW ZRUG LQGH[
LQGLFDWLQJ WKH ZRUG SRVLWLRQ LQ WKH SURPSW RU WDUJHW WH[W
7KHVH ZRUG LQGLFHV ZHUH WKHQ XVHG WR JHQHUDWH WKH WUDFNLQJ






7KH HYDOXDWLRQ PHWKRG XVHG LQ WKLV SDSHU EXLOGV RQ >@ EXW
PRYHVDZD\IURPWKHQRWLRQRIVSHHFKHYHQWVVHJPHQWVZLWK
HLWKHU D ZRUG RU PLVFXH WR ZRUG LQGH[ FKDQJHV ± WKDW LV
ZKHQHYHU WKH IRFXVPRYHV IURP RQH ZRUG WR DQRWKHU 6LQFH
WKHWUDFNLQJUHIHUHQFHZDVJHQHUDWHGE\DKXPDQZKRDSSOLHV
MXGJPHQWZKHQSODFLQJFKDQJLQJSRLQWVDWROHUDQFHLQWHUYDOLV
LQWURGXFHGVLPLODU WR WKDW LQ >@$QRWKHU UHDVRQ IRUXVLQJD
WROHUDQFH LQWHUYDO LV WKDWHYHQ WKRXJK WKH UHDGLQJ WXWRUPLJKW
EH VOLJKWO\ RII LQ GHWHFWLQJ D FKDQJLQJ SRLQW WKLV KDV QR
SUDFWLFDOVLJQLILFDQFHLQPRVWVHWWLQJV
*LYHQ D WROHUDQFH LQWHUYDO WKH WUDFNLQJ HUURU UDWH LV
FDOFXODWHG DV WKH WRWDO QXPEHU RI FKDQJLQJ SRLQWV LQ WKH
UHDGLQJ WXWRU¶VRXWSXWPLQXV FRUUHFW FKDQJLQJSRLQWV WKDW IDOO
ZLWKLQ WROHUDQFH RI WKH UHIHUHQFH SRLQW ,Q WKLV ZRUN D
WROHUDQFHRIPVHFZDVDSSOLHG
$QLOOXVWUDWLRQRIWKHWROHUDQFHLQWHUYDOLVVKRZQLQ)LJXUH
ZKHUH7 LV WKH WROHUDQFH YDOXH WKH WZR EOXH GLVFV DUH WKH
UHIHUHQFHFKDQJLQJSRLQWVDQGWKHWKUHHUHGGLDPRQGVDUHWKH
FKDQJLQJ SRLQWV GHWHFWHG E\ WKH V\VWHP K\SRWKHVL]HG
FKDQJLQJ SRLQWV 7KH WZR ULJKWPRVW K\SRWKHVL]HG FKDQJLQJ
SRLQWV DUH WUDFNLQJ HUURUV LQ WKH H[DPSOH 7KH OHIWPRVW
K\SRWKHVL]HGFKDQJLQJSRLQWIDOOVZLWKLQWKHWROHUDQFHLQWHUYDO
RI D UHIHUHQFH FKDQJLQJ SRLQWZLWK WKH VDPHZRUG ,' DQG LV
WKHUHIRUHPDUNHGDVEHLQJFRUUHFW1RK\SRWKHVL]HGFKDQJLQJ
























7KH WUDFNLQJ HUURU UDWHV 7(5 FDQ EH VHHQ LQ 7DEOH 1RWH
WKDW WKH UHODWLYH LPSURYHPHQW RI  RI WKH V\VWHP XVLQJ
JD]H LQIRUPDWLRQ DQG VSHHFK UHFRJQL]HU FRPSDUHG WR WKH
V\VWHP WKDW RQO\XVHV WKH VSHHFK UHFRJQL]HU LV VLJQLILFDQW DV
WKH 3YDOXH RI WKH PDWFKHGSDLUV WHVW GHVFULEHG LQ >@ LV

7DEOH7UDFNLQJHUURUUDWHV
7ROHUDQFH $65 *D]H$65 3YDOXH
PVHF   
)XUWKHUPRUH D PDWFKHGSDLUV WHVW RI WKH GLVWULEXWLRQ RI
HUURUV PLVVHG FKDQJLQJ SRLQWV YV ZURQJ DQG LQVHUWHG
FKDQJLQJ SRLQWV ZDV FRQGXFWHG DQG JDYH D 3YDOXH RI 
LQGLFDWLQJWKDWWKHGLVWULEXWLRQRIHUURUVLVGLIIHUHQWDVZHOO
7KH DSSURDFK WR WUDFNLQJ WKH UHDGLQJSRVLWLRQXVLQJRQO\
JD]H LQIRUPDWLRQ DV SUHVHQWHG LQ  SHUIRUPV SRRUO\ 7KH
7(5 IRU WKLV DSSURDFK LV  7KLV ZDV H[SHFWHG DV WKH
UHIHUHQFH LV EDVHG RQ WKHZRUGV EHLQJ UHDG RXW ORXG DQG WKH
UHDGHUVZLOOQRWDOZD\VXWWHUWKHZRUGVWKH\ORRNDW
7KH H[SHULPHQW KDV EHHQ FRQGXFWHG RIIOLQH EXW WKH
DOJRULWKPV WKDW WUDFN WKH UHDGLQJ DQG FDOFXODWH ZRUG
SUREDELOLWLHV IURP JD]H SRLQWV 6HFWLRQV  DQG  DUH
FDXVDO DQGZRXOGSHUIRUP LQ WKH VDPHZD\ LQ D OLYH VHWWLQJ
0RYLQJ IURP DQ RIIOLQH $65 VHWXS WR RQH ZKHUH SDUWLDO
K\SRWKHVHV ZRXOG EH XVHG KRZHYHU ZRXOG PRVW SUREDEO\
UHVXOW LQ SHUIRUPDQFH GHJUDGDWLRQV VLPLODU WR WKRVH
GRFXPHQWHGLQ>@
 &RQFOXVLRQV
,Q WKLV SDSHU ZH SUHVHQWHG RXU ZRUN RQ IXVLQJ JD]H
LQIRUPDWLRQ DQG VSHHFK IRU WUDFNLQJ WKH UHDGLQJ SURJUHVV RI
SHRSOHZLWKG\VOH[LD7KHSURSRVHGIXVLRQPHWKRGDFKLHYHGD





H\HJD]H LQIRUPDWLRQ DQG VSHHFK UHFRJQLWLRQ IRU WUDFNLQJ




7KH DXWKRUV ZRXOG OLNH WR WKDQN PDVWHU VWXGHQW -XOLD
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